Maximal attractors for the phase-field equations of penrose-fife type  by Shen, Weixi & Zheng, Songmu
Applied 
bthematics 
Letters 
PERGAMON Applied Mathematics Letters 15 (2002) 1014-1023 
Maximal Attractors for the Phase-Field 
www.eisevier.com/locate/aml 
Equations of Penrose-Fife Type 
WEIXI SHEN 
Department of Mathematics, F’udan University 
Shanghai 200433, P.R. China 
SONGMU ZHENG 
Institute of Mathematics, Pudan University 
Shanghai 200433, P.R. China 
(Received July 2001; accepted August 2001) 
Communicated by M. Slemrod 
Abstract-In this paper, the dynamics for the phwfield equations of PenrowFife type arising 
from the study of phase transitions is investigated. One of important features of this problem is that 
the metric space H we work with is incomplete. @ 2002 Elaevier Science Ltd. All rights reserved. 
Keywords-Maximal attractor, The phase-field equations, Incomplete metric space, Absorbing 
set, Infinite-dimensional dynamical system. 
1. INTRODUCTION 
This paper is concerned with the existence of a maximal compact attractor for the following one 
dimensional phase-field equations of Penrose-Fife type arising from the study of phase transitions 
(see [II>: 
$ =KG2q+qwp3+(acp+b)u, 
au dt + u2(acp + b)cp, = u2D2u, 
(WI,,,,, = (WLOJ = 0, 
‘PltdJ = cpo(z), 
1 
ultra = 210(z) = - > 0 
do(z) ’ 
(1.1) 
(1.2) 
(1.3) 
(1.4) 
where u = l/e, D” = 6 and Kl, a > 0, b are given constants. We refer to [2,3] for the results 
on global existence, uniqueness, and asymptotic behaviour, as time goes to infinity, of solution 
as well as the results on multiplicity of equilibria. In this paper, we want to find a sequence of 
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closed subspaces depending on two parameters and prove the existence of a maximal compact 
attractor in each subspace for the nonlinear Cc-semigroup S(t) defined by the solution of problem 
(l.l)-( 1.4). Now let us consider the space 
H := { (cp, u) E H’(0, l] x Hl(0, I] : u(z) > 0, 5 E (0, 11) , (1.5) 
which becomes a metric space when equipped with the metric induced from the norm of H’ x H’ . 
Next, let 01 > 0, & E B be arbitrarily given constants, and let 
{ 
’ := (cp,u)EH:u26>0, J ‘(Fi(lp)+lnu)dzIPr, 0 I( 0 $~*+bp-J-) &z>~~}, (I*‘) 
where 6 is a positive constant depending only on /3r, /3~ and will be specified later, and 
FI(CP) = $%W2 - flp2 + $34. (1.7) 
Clearly, Us,, pa is a closed topological subspace of H. We are now in a position to state our main 
theorem. 
THEOREM 1.1. The nonlinear semigroup S(t) def?ned by problems (1.1)-(X4) maps H into itself. 
Furthermore, for every Pi > 0, /32 < 0, it possesses in iYs1,02 a maximal attractor dp1,s2, which 
is compact and attracts the bounded sets in Us, ,p,, . 
REMARK 1.1. The set A = UpI,& dsl,sa is a noncompact attractor in the metric space H in the 
following sense that it attracts the bounded sets in H with constraint zc >_ 6 > 0 where b is any 
given positive constant. 
2. PROOF OF THEOREM 1.1 
To prove Theorem 1.1, we need the following invariant of Theorem 1.1.1 in [4] with exactly the 
same proof as for that theorem. 
THEOREM 2.1. Suppose the following. 
(i) The mapping S(t), t 2 0 defined by the solution to problems (1.1)-(1.4) is a nonlinear 
continuous semigroup from H into itself. 
(ii) The operators S(t) are uniformly compact for t large, i.e., for every bounded set B con- 
tamed in Up, ,a2, there exists to depending on B such that lJtzto S(t)B is relatively compact 
in H. 
(iii) The orbit starting from any bounded set of Up,,p, will reenter into Upl,pz after a finite 
time depending only on this bounded set; there exists a bounded set Bo, ,a2 in Up, ,pz such 
that Bp, ,pz is absorbing in Up,,p,. 
Then the w-limit set of B~,J~, ds,,s?, is a maximal compact attractor which attracts the 
bounded sets of Uo, ,pa . 
Therefore, we only need to verify Conditions (i)-(iii). Throughout thii paper, we need the 
following lemma first established in [5] by the authors. 
LEMMA 2.2. Suppose y(t) and h(t) are nonnegative functions, y’(t) is locally integrable on 
(0, +oo) and y(t), h(t) satisfy 
f 5 Aly2 + AZ + h(t), vt ‘L 0, 
J 
T 
J 
T 
Y(T) dr I A39 h(~)dT I A4, VT>O, 
0 0
(2.1) 
(2.2) 
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with AI, AZ, As, Ad being positive constants independent oft, T. Then for any r > 0, 
p(t + r> I 
( 
$ + Azr -t- Ad 
> 
eAlA3, Vi! 2 0. (2.3) 
Moreover, 
,li-ll y(t) = 0. (2.4) 
REMARK 2.1. It can be easily seen from (2.3) with AZ, AS being replaced by max(As, AS) that 
for t 2 1, 
y(t) 5 (2max (AZ, As) + Ad) eA1 max(AavA3). 
In the following, Ci denotes positive constant depending only pi, &. For initial data in any 
bounded set in Up, ,pz, we have the following. 
LEMMA 2.3. For any t > 0, the following estimates hold: 
IlcpWllH 5 Cl, IIP(t>llL- 5 Cl, (2.6) 
s ,,’ ll(~tll~ d7 I C2, I’ ll42 dT 5 (72, o<cs< I ‘1 - dx 5 Cd. au (2.7) 
PROOF. This lemma has been proved in [2]. Let 
m(t) = min ~(2, t), 
zElOJ1 
M(t) = s~iyll 4~ t). (2.8) 
By (2.7), we have 
m(t) 5 L 
c3 ’ 
M(t) 5 m(t) + IbIll i $ + llusll . 
LEMMA 2.5. For EUIY t >_ 1, the following estimates holds: 
P-9) 
Il~tll I& ll4lH’ 5 G (2.10) 
and 
J 
t . 
IlcpllH~ I Cl, llvtsl12 dT I&. (2.11) 
tl 
PROOF. Differentiating (1.1) with respect to t, then multiplying the resultant by pt, and mul- 
tiplying (1.2) by uB2Ut, then adding together, and integrating with respect to t, by Young’s 
inequality, we obtain 
;$ (kPtl12 + ll%ll”) + Ki k’stj12 = /d’ (1 - 3~~ + av) lvtj2 dx 
5 (I+ oM(t)) llwl12 5 C5 + (Ml2 + llztz~~~)~. 
(2.12) 
Let y(t) = (llptl12 + ~~u,~~~). Applying Lemma 2.2, we deduce (2.10) from (2.12) and (2.7). The 
first estimate in (2.11) follows from (2.9), (l.l), and the second inequality in (2.11) is obtained 
by integrating (2.12) with respect to t over (1, t). Thus, the proof is complete. I 
The proof of (i) is completed by the density argument and by combining Lemma 2.4 with the 
existence of local semiflow in H indicated in [2]. 
REMARK 2.2. By the standard technique for parabolic equations, we can easily show that for 
t > 0, the solution (cp, U) is in C”O. 
We now turn to the proof of (iii), i.e., existence of an absorbing set in Ual,pz. 
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LEMMA 2.5. Fort 11, 
(2.13) 
PROOF. It follows from (1.2) that 0 = l/u satisfies 
e3et - (a9 + b) pte3 + 2 (e,J2 = eo2e. 
Integrating with respect to z yields 
(2.14) 
~-$ieii$ + 3iiezi]2 5 Cs 1’ Jvt@j dz I +ri~4 + C, ]]v& (2.15) 
with E being an arbitrary small positive constant. By the Gaglisrdo-Nirenberg inequality, we 
have 
iieK4 5 C; iietii2 iieii2L1 + C;liei]&, (2.16) 
where C{ , Ci are positive constants depending only on the interval [0, 11. Then we deduce from 
(2.15), (2.16), (2.7), and the Young inequality that 
$seii”,4 + cloiiel14L4 I cl1 + 4ieii4L4 + c, 11~~11~~. (2.17) 
Choosing E = Cm/2 and applying the Gagliardo-Nirenberg inequality again yields 
-$iieii”,4 + ~ii~ii4L4 I cl2 + cl3 (hii li~tii3 + ii~~li~) . 
By (2.10) and (2.11), we deduce from (2.18) that 
iie(t)ii4L4 I iie(1)ii4L4 exp (-CS~) + G4, Qt 2 1. 
For t 2 1, let Z(t) be the point in which 8 achieves its minimum. Then 
e(z, t) - 8 (z(t), t) = lytJ 8, dx. 
By (2.10), (2.19), and (2.20), we have for t 2 1, 
iie(t)iiLm 
,,,+g’iD(t)I ~IC15fll%Il lPll2t4 
(2.18) 
(2.19) 
(2.20) 
(2.21) 
Thus, the proof is complete. 1 
Now we choose 
1 
’ = 2Cis 
(2.22) 
in the definition of Up, ,pa . Since it is clear from the proof of (i) that ]le(l)]]L4 can be bounded 
by a constant depending only on /3i, 02, for any bounded set in Upl,sz, there is a tr >_ 1 such 
that when t 2 t;, the orbit starting from this bounded set re-enters into U~,,~~. Moreover, the 
following bounded set 
serves ss an absorbing set in Up, ,oa. 
Finally, we turn to the proof of (ii), i.e., the uniform compactness of S(t). By (2.11), it remains 
to prove the following lemma. 
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LEMMA 2.6. For any bounded set D, there is t& tz > t;, which may depend on t3 such that when 
t > t;, 
Ilu(t)llfP I CM* (2.24) 
PROOF. Multiplying (1.1) by uzz, then integrating it with respect to 2, we deduce from (2.11) 
that 
(2.25) 
As proved in (iii), for the bounded set B, there is ti depending on B such that when t 2 ti, 
u > 6 = 1/2Cls. By (2.11), for t 2 to = max(1, ti), we deduce from (2.25) that 
s 
,: II~,zI12 dT < C17. (2.26) 
Differentiating (1.1) with respect to 2, then multiplying the resultant by u,,, and integrating 
with respect to 5, we obtain for t 2 to, 
;; Ilhzl12 + f62 llK412 I c, (II$%Zl12 + IM2 + ll%uzol12) 
I CL3 (btzl12 + btl12 + II%zl14) ’ (2.27) 
Let y(t) = IIu,~I(~. By Lemma 2.2, we deduce from (2.26),(2.27) that when t 2 t; = to + 1, (2.24) 
holds. Thus, the proof is complete. I 
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